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Learning in High Dimensions is Hard

• High-dimensional problems (e.g. many variables relative to 
number of  observations) are hard for machine learning.


• The curse of  dimensionality dooms inference in the absence of  
structural assumptions on the data:


• Pairwise distances may not be informative—nothing is close to 
anything else.


<latexit sha1_base64="AH9zV/mnJRWz8lGG008BwDCGH9k=">AAACknicbVHLjtMwFHXCayiPKY8dmysaJBYlSgbxEBIwMCxAYjFIdGakpq0c96axxnYs20FTWfkgfocdf4Ob6QJmuJLto3PvufY9LrXg1mXZ7yi +cvXa9Rs7Nwe3bt+5uzu8d//INq1hOGGNaMxJSS0KrnDiuBN4og1SWQo8Lk8PNvnjH2gsb9R3t9Y4k3SleMUZdYFaDH8WlWhtLbByUKDUtf9SQVL4s4XnXdGF/W3ezb3qEuAWKLRB3Bg5Bp7ydJmCpVILhMo0EpJpNs5nc/+pS8ZQFK5GBUnfqBcvwzRUMQztqdamOQM198+KylDm8y6oQlnfhzsLCqlB68LJV3XZmLRbDEdZmvUBl0G+BSOyjcPF8FexbFgrUTkmqLXTPNNu5qlxnAnsBkVrUVN2Slc4DVBRiXbme0s7eBKYJYRRw1IOevZvhafS2rUsQ6WkrrYXcxvyf7lp66rXM8+Vbh0qdn5R1QpwDWz+J7hkkDmxDoAyw8NbgdU0eOTCLw6CCfnFkS+Do700f5k+/7Y32v+4tWOHPCKPyVOSk1dkn3wmh2RCWLQbvYjeRe/jh/Gb+EN8cF4aR1vNA/JPxF//AOgXxmo=</latexit>

If {xi}ni=1 is a uniform, i.i.d. sample from [0, 1]D,
then xi is distance ⇡ n� 1

D from its nearest neighbor.
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Classical Approach to Breaking Curse

• Popular model: data are near a low-dimensional subspace or 
manifold.  


• That is, the data actually live near                     where one aims 
to develop methods that depend exponentially on    . 


• When              , one may hope to break the curse. 
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Md ⇢ RD
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d ⌧ D
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Ambient dimension is 2, but data is 
(approximately, locally) 1 dimensional.



“Think Globally, Fit Locally”

• How to get methods that depend on manifold dimension rather 
than ambient dimension?


• Main Idea of  Manifold Learning: local Euclidean 
information (e.g., nearest neighbor calculations) can be 
leveraged to make global inferences.


• Data is locally low dimensional, so “zoom in” finely enough for 
this to be the limiting factor.


• This is typical done with Euclidean distances and a graph is 
constructed, from which global information can be gleaned: 
geodesics, PDE/diffusions on graphs, structure-preserving 
embeddings,…
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Beyond Euclidean Distances

• Methods based on local Euclidean distances may be insufficient 
to capture the geometry of  certain data.


• Toy example: black and white images with single white pixel:


• Everything is equally far in Euclidean distance, and therefore in 
any graph metric.


• Need to capture the distance between the support of  these images.
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Data as Measures: Wasserstein-2 Metric

<latexit sha1_base64="V6KS3Ditn9701ffkPR/nklAMeWU="></latexit>

P2,ac(Rd)• Let                     denote the space of  absolutely continuous measures 
(i.e., having density with respect to the Lebesgue measure) with finite 
second moment. 

<latexit sha1_base64="JATlQkioQRR6VNLNzc/fO1q+pXw="></latexit>

W 2
2 (µ, ⌫) = min

T#µ=⌫

Z

Rd

||T (x)� x||22dµ(x)
<latexit sha1_base64="nR4KQTlDqatfEF4UlAbs8sdQl6A="></latexit>

T : Rd ! Rd

<latexit sha1_base64="Gz38I83M8gv1LeQf7LTxFZ5ijg0="></latexit>

T#µ = ⌫ <latexit sha1_base64="b6BtE+W1XL6xtfS7Pu7KGl8p69w="></latexit>

B
<latexit sha1_base64="DVXjrZwD2W5aVoMQqgSW2pwZWx0="></latexit>

⌫[B] = µ[T�1(B)]

• For two measures                             , the Wasserstein-2 metric is
<latexit sha1_base64="S7krY1MgQsWAc5foz7sd09gSywI="></latexit>

µ, ⌫ 2 P2,ac(Rd)

where the minimization is over all maps                           that 
pushforward      onto    :<latexit sha1_base64="JfPUXpLFwNrl2f2e5M+ytLivl3s="></latexit>µ <latexit sha1_base64="yrdcWPnfoTC7ePMeHKrPMAg9v+A="></latexit>⌫

<latexit sha1_base64="xbonwnHPJoARMjrTqnwwFIviAWc="></latexit>$ for all Borel sets     . 
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Optimal Transport Maps

Image Source: M. Thorpe (https://www.math.cmu.edu/~mthorpe/OTNotes)

• Pushforwards transfer mass from one distribution to another. 

• The       realizing                       
<latexit sha1_base64="YFGtvbR1/gHjjkslnYR+9Fbwdpc=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CbaCeCi7FdRj0YvHCv2Cdi3ZNNuGJtklyQpl6Y/w4kERr/4eb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrW9sbuW3Czu7e/sHxcOjlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+G7mt5+o0iySDTOJqS/wULKQEWys1C43HtOLablfLLkVdw60SryMlCBDvV/86g0ikggqDeFY667nxsZPsTKMcDot9BJNY0zGeEi7lkosqPbT+blTdGaVAQojZUsaNFd/T6RYaD0Rge0U2Iz0sjcT//O6iQlv/JTJODFUksWiMOHIRGj2OxowRYnhE0swUczeisgIK0yMTahgQ/CWX14lrWrFu6pcPlRLtdssjjycwCmcgwfXUIN7qEMTCIzhGV7hzYmdF+fd+Vi05pxs5hj+wPn8AUitjuI=</latexit>

T ⇤
<latexit sha1_base64="JVBPj3G7BSDBzXmA2mAPg597MNQ="></latexit>

W 2
2 (µ, ⌫) =

Z

Rd

||T ⇤(x)� x||22dµ(x)

is the optimal transport map.  It pushes forward in the 
“most efficient” way.

https://www.math.cmu.edu/~mthorpe/OTNotes


Existence and Generalization

• This is not well-defined for general measures, and this Monge 
formulation is less tractable than the Kantorovich formulation: 


• Under our assumptions, these formulations are equivalent and 
a unique     exists.  We’ll return to the Kantorovich form when 
computing. 

<latexit sha1_base64="BP5Lz6bRcRJZjlvo6OtwSCxi6tg="></latexit>

W 2
2 (µ, ⌫) = min

�2⇧(µ,⌫)

Z

Rd

||y � x||22d�(x, y),

<latexit sha1_base64="wi9H0tiqNLIgvMrs7kSmZQmCPa8="></latexit>

T
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⇧(µ, ⌫) =

⇢
� : R2d ! R

����
Z

Rd

�(x, y)dx = ⌫(y),

Z

Rd

�(x, y)dy = µ(x)

�
.



<latexit sha1_base64="6yNHRBk7zMaKbOfemWSqQ56Dgno="></latexit>

{µi}pi=1 ⇢ P2,ac(Rd)

<latexit sha1_base64="54T70HHxXYe84mVsyUsk0yZJj6c="></latexit>

⌫� = argmin
⌫2P2,ac(Rd)

1

2

pX

i=1

�iW
2
2 (⌫, µi)

<latexit sha1_base64="80YXH6q8b6pk166G8FBaiEbLTKI="></latexit>

� 2 �p

• Let

• For measures                                        and coordinates                , 
define the Wasserstein-2 barycenter as 

• This is well-defined and unique under our assumptions.


•      is the “right” way of  averaging in the space of  measures.

<latexit sha1_base64="jr0X3UkBtID2zLLEl3A+2H16Hqk="></latexit>

�p =

(
� = (�1, . . . ,�p) 2 Rp : �i � 0,

pX

i=1

�i = 1

)
.

<latexit sha1_base64="gzzi0a5p5d7spwiDZiobZK/ja0I="></latexit>⌫�

Averaging in       : Barycenters
<latexit sha1_base64="UVYZN9LjkwWoR2LnahQV8rJU8lk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDLaCq5JUUJdFNy4r2Ae0IUymk3bo5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmltfWNzq7xd2dnd2z8wq4ddGSWC0A6JeCT6HpaUs5B2FFOc9mNBceBx2vOmN7nfe6BCsii8V7OYOgEeh8xnBCstuWa1PgywmhDM017mps2s7po1q2HNgVaJXZAaFGi75tdwFJEkoKEiHEs5sK1YOSkWihFOs8owkTTGZIrHdKBpiAMqnXQePUOnWhkhPxL6hQrN1d8bKQ6knAWensxzymUvF//zBonyr5yUhXGiaEgWh/yEIxWhvAc0YoISxWeaYCKYzorIBAtMlG6rokuwl7+8SrrNhn3ROL9r1lrXRR1lOIYTOAMbLqEFt9CGDhB4hGd4hTfjyXgx3o2PxWjJKHaO4A+Mzx/HQJOx</latexit>

W2
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Barycenters Preserve Structure

<latexit sha1_base64="hZ+d7KdIarzKqOwIlZXb+tc8d5A="></latexit> pX

i=1

�iµi

<latexit sha1_base64="5mn+GabFac2BMehuWQaMQzS4JMw="></latexit>

argmin
⌫2P2,ac(Rd)

1

2

pX

i=1

�iW
2
2 (⌫, µi)



The Synthesis Problem 

• The synthesis problem is solving 

• Existence and uniqueness theory, consistent estimation procedures, 
and fast numerical schemes have been developed in the past decade 
(McCann; Agueh and Carlier; Alvarez-Esteban et al.; Bigot and 
Klein; Claici, Chien, and Solomon; Schmitz et al.; Yang et al. …) 

<latexit sha1_base64="4QcYpwRVH6BVGEzFT+Wq185DlC4="></latexit>

argmin
⌫2P2,ac(Rd)

1

2

pX

i=1

�iW
2
2 (⌫, µi).



The Barycentric Coding Model

<latexit sha1_base64="ARQrZGlM9oN7mvMISR+NPqNuxLc="></latexit>

µ0 2 Bary({µi}pi=1)

<latexit sha1_base64="fujU7f5vClVqt7d2aMaEgdzDl0g="></latexit>

� 2 �p

<latexit sha1_base64="yIpUD+xGaSBV4aKUXtSyqvVnXaQ="></latexit>

Bary({µi}pi=1) = {⌫� : � 2 �p}
<latexit sha1_base64="r980xA2VK710NphIuypC7/pIPVE="></latexit>

{µi}pi=1

• Let                                                         be the set of  all 
barycenters that can be generated from                . 

• We denote by the barycentric coding model (BCM) the identification 
of  a measure

with its coordinates                . 

•                           can be thought of  as the “span” of  the 
reference measures, but with respect to the geometry of  
Wasserstein space. 

<latexit sha1_base64="oDcoM/mWwOnbtN3TnMGP6MNiHNU="></latexit>

Bary({µi}pi=1)
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The Analysis Problem 

• Given a measure       and 
reference measures               , 
the analysis problem is solving 

• Some computational methods known (Bonneel, Peyré, and Cuturi) 
but no existence and uniqueness results nor rigorous estimation 
procedures.

<latexit sha1_base64="UQzYpN1r8T9GPmds4NRBF8KUWds="></latexit>

argmin
�2�p

W 2
2 (µ0, ⌫�) .

<latexit sha1_base64="Tts2Z0AN91t3cOCQVDIvqdRQMPU="></latexit>µ0
<latexit sha1_base64="SAkf9dqoC0vT3SFUuYrXjppFSB0="></latexit>

{µi}pi=1

• If                                     , 
then: 

<latexit sha1_base64="YWAOOMeGiGxb2tvGgrckXW/DSgw="></latexit>

µ0 2 Bary({µi}pi=1)

<latexit sha1_base64="P0h787pJFXF5kAvOGJUfPlOglS4="></latexit>

min
�2�p

W 2
2 (µ0, ⌫�) = 0.
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BCM as Low-Parameter Model

• The set                                                         can be interpreted 
as a    -parameter subspace in the space of  measures.


• This can be contrasted with a linear subspace, in terms of  
number of  parameters needed to uniquely specify an element.


• Unlike linear subspaces, however, there is not a notion of  
orthogonal projection to quickly compute coordinates.

<latexit sha1_base64="yIpUD+xGaSBV4aKUXtSyqvVnXaQ="></latexit>

Bary({µi}pi=1) = {⌫� : � 2 �p}
<latexit sha1_base64="nwE4woHKafA9K6mrxN2bFmTG/Qo="></latexit>p
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Basic Questions

μ1

μ2

μ5
μ4

μ3

μ0

• Unique representations in                                             ?  
<latexit sha1_base64="yIpUD+xGaSBV4aKUXtSyqvVnXaQ=">AAASlniclVhfj9s2End6vV7j3rXJ9qXAvRDdNZD0NnvrBNcCAfaQtt679ppsfdnNJunKMSiJkhlTpEBSu3YJfbB+lHu61/ZbdEhJtkV5F60AQ/TMj5wZzh9yFOaMKn14+L9b7/zh3T++96f3b/c/+PNfPvzozt2dcyUKGZEXkWBCvgqxIoxy8kJTzcirXBKchYy8DOdfW/7LSyIVFfxML3MyyXDKaUIjrIE0vXO6F4RYLu8FJsiKKQ3KqaFHw/JNfh8doYCRRKPAoIAXUxMwWDbG5WNUj1BAOQpGhG </latexit>

Bary({µi}pi=1) = {⌫� : � 2 �p}

• How to check if                                     ?


• More generally, how to solve                                     

<latexit sha1_base64="ARQrZGlM9oN7mvMISR+NPqNuxLc="></latexit>

µ0 2 Bary({µi}pi=1)

<latexit sha1_base64="hkAgH2riSGbNO608n6kJoO8yiKw="></latexit>

argmin
�2�p

W 2
2 (µ0, ⌫�)?

Not always, but perhaps generically.
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BCM as Quadratic Program

•                         is the displacement of  the vector               when 
transported by the map       which optimally transports      to      . 


•                                                     can be thought of  as the angle 
between the displacement associated to the optimal transport map 
between        to       with that of       to      .


• Integrating with respect to        quantifies the average angle 
between displacements.

<latexit sha1_base64="jFF0bLg51uGlY4xe5Wo6ytMdKPA="></latexit>

Ti(x)� Id(x)

<latexit sha1_base64="zEAnxAN6iw1dvOS+oFuLktvK/Dw="></latexit>µ0
<latexit sha1_base64="iBciFdutiZVihPqEDsqesxTxYZc="></latexit>µi

<latexit sha1_base64="MDiBQi9ctSH1epMdNT3CqwUjzLE="></latexit>µj

<latexit sha1_base64="zEAnxAN6iw1dvOS+oFuLktvK/Dw="></latexit>µ0
<latexit sha1_base64="iBciFdutiZVihPqEDsqesxTxYZc="></latexit>µi

<latexit sha1_base64="zEAnxAN6iw1dvOS+oFuLktvK/Dw="></latexit>µ0

<latexit sha1_base64="zEAnxAN6iw1dvOS+oFuLktvK/Dw="></latexit>µ0

<latexit sha1_base64="0GJwTqgR+3C1Mat9dpSpQTShvIQ=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBIvgqiQq6rLoxmUV+4Amlslk0g6dTMLMRFpCfsWNC0Xc+iPu/BsnbRfaemDgcM693DPHTxiVyra/jdLK6tr6RnmzsrW9s7tn7lfbMk4FJi0cs1h0fSQJo5y0FFWMdBNBUOQz0vFHN4XfeSJC0pg/qElCvAgNOA0pRkpLfbM6dil3I6SGvp/d549ZkPfNml23p7CWiTMnNZij2Te/3CDGaUS4wgxJ2XPsRHkZEopiRvKKm0qSIDxCA9LTlKOISC+bZs+tY60EVhgL/biypurvjQxFUk4iX08WKeWiV4j/eb1UhVdeRnmSKsLx7FCYMkvFVlGEFVBBsGITTRAWVGe18BAJhJWuq6JLcBa/vEzap3Xnon52d15rXM/rKMMhHMEJOHAJDbiFJrQAwxie4RXejNx4Md6Nj9loyZjvHMAfGJ8/shmU4A==</latexit>

x 2 Rd
<latexit sha1_base64="xhdk8gEagfSB+bS5CpdpxLuv3Sk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBhPBU9iNoB6DXjxGyAuSJcxOOsmQ2dllZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsriAXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ShRDJssEpHqBFSj4BKbhhuBnVghDQOB7WByP/fbT6g0j2TDTGP0QzqSfMgZNVZqlxv9lM/K/WLJrbgLkHXiZaQEGer94ldvELEkRGmYoFp3PTc2fkqV4UzgrNBLNMaUTegIu5ZKGqL208W5M3JhlQEZRsqWNGSh/p5Iaaj1NAxsZ0jNWK96c/E/r5uY4a2fchknBiVbLhomgpiIzH8nA66QGTG1hDLF7a2EjamizNiECjYEb/XlddKqVrzrytVjtVS7y+LIwxmcwyV4cAM1eIA6NIHBBJ7hFd6c2Hlx3p2PZWvOyWZO4Q+czx+qL48i</latexit>

Ti

<latexit sha1_base64="5DWKH4GYQ46xPSq52jH/psUAi1Q="></latexit>

hTi(x)� Id(x), Tj(x)� Id(x)i

<latexit sha1_base64="Rz+XUnDd680izMboug9X+iPTE4k="> </latexit>

Theorem. (Aeron, Jiang, M., Tasissa, Werenski) Suppose {µi}pi=0 are su�ciently regular. Then µ0 2
Bary({µi}pi=1) if and only if

min
�2�p

�TA� = 0,

where A 2 Rp⇥p is given by Aij =

Z

Rd

hTi(x)� Id(x), Tj(x)� Id(x)idµ0(x) for Ti the optimal transport map

between µ0 and µi. Furthermore, if the minimum value is 0 and �⇤ is an optimal argument, then µ0 = ⌫�⇤ .
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Proof  Sketch and Interpretation

• The main idea is to understand the minimizers of  the variance 
functional                                      given by 


• This has Fréchet derivative


• Under regularity conditions on the optimal transport maps, 
solutions to the synthesis problem occur at the critical points of  
the Fréchet derivative.


• Then the result follows by computing 


<latexit sha1_base64="4S7N4Ae0N18i746VSAviLC5gUb8="></latexit>

G� : P2,ac(Rd) ! R
<latexit sha1_base64="N+zFfTqZPxVIdyxsQhc3r6ONoJg="></latexit>

G�(⌫) =
pX

i=1

�i

2
W 2

2 (⌫, µi).

<latexit sha1_base64="q4H490fXc6IXVzaPzKevbfQRf+A="></latexit>

rG�(⌫) = �
pX

i=1

�i (Ti � Id).

<latexit sha1_base64="0HqVpu0QG13DCKtAEt6dr2x3xJA="></latexit>

||rG�(µ0)||2µ0
= �TA�.



Projection onto Barycentric Span?

• If                                     , we can still find the minimizer of  
the quadratic form                      . 


• A natural question then is, does                                    
approximate well


• In certain cases (          ; all measures are Gaussian, …), 
solving the quadratic program gives the exact projection!
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� 7! �TA�
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�⇤ = argmin
�2�p

�TA�
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argmin
�2�p

W 2
2 (µ0, ⌫�)?
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d = 1
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OT in Practice: Entropic Regularization

• Given i.i.d samples                                               , the 
discrete (Kantorovich)        problem solves                                     


• This has complexity in     at least            —too slow.  


•  To improve complexity, one can consider entropic 
regularization: for           , solve:
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{Xi}ni=1 ⇠ µ, {Yi}ni=1 ⇠ ⌫
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O(n3)
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✏ > 0
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argmin ⇡2Rn⇥n
+

⇡1=1
⇡T 1=1

nX

j=1

nX

k=1

kXj � Ykk22 · ⇡jk + ✏⇡jk log ⇡jk
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Entropic Estimation of  BCM Coordinates
<latexit sha1_base64="LjcgHWB6eHK3MQzMlHfnoHidQ0w="></latexit>

Algorithm 1 Estimate �

Input: i.i.d. samples {X1, ..., X2n} ⇠ µ0, {{Y i
1 , ..., Y

i
n} ⇠ µi : i = 1, ..., p}, regularization parameter ✏ > 0.

for i = 1, ..., p do
Set M i 2 Rn⇥n with M i

jk = 1
2 ||Xj � Y i

k ||22.
Solve for gi as the optimal g in

max
f,g2Rn

1

n

nX

j=1

fj +
1

n

nX

k=1

gk

� ✏

n2

nX

j,k

exp
�
(fj + gk �M i

jk)/✏
�

Define T̂i(x) =

nX

i=1

Yi exp

✓
1

✏
(gi(Yi)�

1

2
||x� Yi||22)

◆

nX

i=1

exp

✓
1

✏
(gi(Yi)�

1

2
||x� Yi||22)

◆ .

end for
Set Â 2 Rp⇥p to be the matrix with entries

Âij =
1

n

2nX

k=n+1

hT̂i(Xk)�Xk, T̂j(Xk)�Xki

Return �̂ = argmin
�2�p

�T Â�.
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Consistency of  Entropic Estimation

• Solution to the sample-driven, entropic problem converges to 
the true one.


• Rate depends on dimensionality and smoothness.
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Corollary. (Aeron, Jiang, M., Tasissa, Werenski) Let �̂ be the random estimate obtained from the Algorithm.
Suppose that A has an eigenvalue of 0 with multiplicity 1 and that �⇤ 2 �p realizes �T

⇤ A�⇤ = 0. Then under
the assumptions of the Theorem,

E[k �̂��⇤k22] .
1p
n
+ n

� ↵+1
4(d0+↵+1)

p
log n.
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Theorem. (Aeron, Jiang, M., Tasissa, Werenski) Let i, j 2 {1, ..., p} and suppose that µi, µj , µ0 are
supported on bounded domains and that the maps Ti and Tj are su�ciently regular. Let X1, ..., X2n ⇠
µ0, Y1, ..., Yn ⇠ µi, Z1, ..., Zn ⇠ µj. For an appropriately chosen ✏, let T̂i and T̂j be the entropic maps
computed using {Xi}ni=1, {Yi}ni=1, {Zi}ni=1. Then we have

E

"�����Aij �
1

n

2nX

k=n+1

hT̂i(Xk)�Xk, T̂j(Xk)�Xki

�����

#

. 1p
n
+ n

� ↵+1
4(d0+↵+1)

p
log n

where d0 = 2dd/2e, and ↵  3 depends on the regularity of optimal maps.



Application: Covariance Estimation
• Consider sampling from a measure                                     for 
known zero mean Gaussians               .


• Then       is necessarily Gaussian.  In fact, its covariance matrix 
is structured.  
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Corollary. For i = 1, . . . , p, let µi = N (0, Si) with Si 2 Sd
++. Then µ0 is a barycenter if and only

if µ0 = N (0, S0) for some S0 2 Sd
++, and min�2�p �TA� = 0, where the matrix A is given by Aij =

Tr ((Ci � I)(Cj � I)S0) for Ci = S�1/2
0

⇣
S1/2
0 SiS

1/2
0

⌘1/2
S�1/2
0 . Furthermore, if the minimum value is zero

and �⇤ is a optimal argument, then µ0 = ⌫�⇤

• We can plug in the empirical covariance matrix for      , solve the 
QP above, and use the learned coefficients to estimate the 
covariance matrix of  the measure observed only through samples. 
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Numerical Results



Supervised NLP:  Documents as Distributions

• We can consider a written document as a probability 
distribution in the space of  words.


• Under this model, we can consider documents of  different 
classes (e.g., science documents, sports documents,…) and use 
the BCM to decompose a new document using representatives 
of  these classes.


• The corresponding coefficients can be used to determine a 
label for the new document.  


• Note that standard word embeddings can be used to reduce 
the dimensionality and improve the learning rate of  the BCM 
coordinates.
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Classification with Few Labels



Ongoing Research and Open Problems

• Representational capacity of                 as                ?  Note 
that if  the measures are Gaussian, the BCM is not a universal 
approximator!  


• Regularized representation and dictionary learning.


• Can we efficiently estimate      without estimating the OT 
maps?  All we need are angles, not the maps themselves.


• Connections to linear OT framework.  
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