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Learning in High Dimensions is Hard

® High-dimensional problems (i.e., many variables relative to
number of observations) are hard.

® ‘The curse of dimensionality dooms interence in the absence of
structural assumptions on the data.

® Manifold Hypothesis: data lies near low-dimensional subspace or
manifold.

Tufts
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Unsupervised Learning

Data to Cluster

Unsupervised learning: infer ool 5
structure from data without
access to training data.

Clustering: unsupervised
learning in which the goal 1s to
label points as belonging to a
gtven class.

Llyeeeyn — L ZwkﬂkﬂLwoM, Zwkzl

Labeling: Which £ were generated from Hk?
Number of Clusters: Can we estimate J ? Tufts
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Standard Method: K-Means

Data to Cluster

* Idea: find K centroids, then

assign each point to its nearest
centroid.

* Empirically good for same sized,
spherical clusters (e.g., Gaussians). -

e Need to know K.

K
C* = argmin Z Z |z — Z1|3

C={Ckl}y_, k=1 reCl TUftS
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Standard Method: K-Means

Data Labeled with K-means
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Spectral Clustering I

Data to Cluster

Idea: embed data into a lower-
dimensional space in a structure =l 8555 8k
. o5t 9 O%;f g"% %"ﬁgg ?8
preserving way. I I SH oo
<] %o
90 o ©
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‘/ ‘/ i1 —_— € d(x?’ 7x~7 ) /O- Weight matrix, d(x,y) = ||z — y||2, 0 = 0.071

for some metric (] (-7 ) and o . .
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Step 2: Compute the (graph) Laplacian
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Spectral Clustering 11

Step 3: Compute eigenvalues of L

Low-dimensional Embedding from L
0< A S A< <A\, H

0.08 -

and associated eigenvectors

0.06

bq,...,D,. 0047
Step 4: Embed the data as & o
v = (P1(zi), ..., Prc(z))
then run K-means. Note oos|

-0.08 -

Dj(xi) := (7).

_0.1 1 1 1 1 1 |
0.03 0.04 0.05 0.06 0.07 0.08 0.09

Tufts

/]O UNIVERSITY



0.7 -

0.65 -

0.6

0.55 |-

0.5

0.45 |-

04 r

0.35 |-

K-Means v. Spectral Clustering
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* Spectral clustering (with a “good” o ) succeeds where K-means fails!

* Theoretical estimates are limited, particularly for estimating the
number of clusters. Common heuristic: K ~ argmax A1 — Ak -

k

Tufts
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Longest Leg Path Distance

Definition. For a discrete set X = {x;}" , C RY, let G be the graph on X with edges given by the Euclidean
distance between points. For x;,xs € X, let P(x;,xs) denote the space of paths connecting x;,xs in G. The
longest leg path distance (LLPD) between x;,Ts is:

dpo(x;, Ts) = min max 11— Y
M( v S) {yj}leep(xi,xs)jzlﬂ ..... L—1Hyj_|_1 yJHQ?

* The distance between points Z,¥ is the minimum over all paths between %, ¥ of the
longest edge in the path.
* Depending on the data X, this distance changes!

* § could be a complete graph (all points connected to all points) or a connected

NN graph.

* [.ooks hard to compute. We have a fast approximation, so this turns out not to be
an obstacle.

Tufts
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Euclidean Distance versus LLPD

Euclidean distance from (0.0540, 0.8429)
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Data to Cluster
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LLPD Weight Matrix

* For our simple “four lines” data, there is a big difference between Euclidean distance
(data independent) and LLLPD (data dependent).
* The LLLPD weight matrix has block-constant structure.

Weight matrix, d(z,y) = || — yl|2, o = 0.1474 Weight matrix, d(x,y) = dy(z,y), o = 0.06
1 | | 1
50 40.9 50 ¢ 0.9
100 408 100 10.8
150 407 150 407

200 200

250 250
300 300
350 350

400 400

450 450

500

500
| | |
50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500
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Low Dimensional, Large Noise (LDLN) Model

Definition. A set S C RY is an element of Sq(k, €g) for some x> 1 if it has finite d-dimensional Hausdorff
measure, denoted by H?, is connected, and for some ey > 0, it satisfies the following geometric condition:

~1.d H(S N Be(x)) < ppd

KRE .

5
Ve eSS, Vee(0,¢), kK < <
¢ € (0, <0) < B 0)

L.ow-dimensional

Xla***axKCXCRD N |
n; i.i.d. draws from Unif(X;)
Xl,...,XKESd(/{7€O) .
kK’ (X Xi)

0.2

Large noise

~

~ n i.i.d. draws from Unif(X)
X=X\(XU...UXkg)

n=n1+...+ng+n
Nmin — mMIN Ny

1sk<K Tufts
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Nearest Neighbors in LLPD and Denoising

* In the LDLN model, points within clusters all have comparable
distances, and points from different clusters are well-separated.

* We denoise points by removing all points whose distance to
their k... nearest neighbor exceeds some threshold 6 .

* knse, 0 are parameters.

* This analysis, based on percolation theory, proves the weight
matrix is nearly block constant.

Tufts
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Performance Guarantees

Theorem. (Little, Maggioni, M.) Under the LDLN data model and assumptions, suppose that the cardinality

n of the noise set is such that
anGD

k +1 D k
7 < (02) " nd+1(km’fi1).

a min

Let f,(x) = e /7" be the Gaussian kernel and assume knse = O(1) and W = O(1). If nyin is large
enough and 0,0 satisfy

Cin T < 0 < Cyin~ (BB (1)
C30 < 0 < Cyf (2)

then with high probability the graph Laplacian L on the denoised LDLN data XN satisfies:
(i) the largest gap in the eigenvalues of L is A1 — Ak
(ii) spectral clustering with L with K principal eigenvectors achieves perfect accuracy on Xy .

The constants {C’i}‘}:1 depend on geometric quantities but do not depend on nq,...,ng,n,0,0.

Little, Maggioni, Murphy

“Path-Based Spectral Clustering: Guarantees, Robustness to Outliers, and Fast Algorithms"
Journal of Machine 1_earning Research, 2020 u
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Clustering Collection of Images

COIL 16 Classes Multiscale Eigenvalues for LLPD SC

T

* 16 classes, ambient dimensionality 1024, about 100 samples
per class.

* LLLPD spectral clustering achieve 99+% accuracy, and
correctly identifies that there are 16 classes. TUftS



Interpolating Between Geometry and Density

Definition. For p € [1,00) and for x,y € X, the (discrete) p-Fermat distance
from x to y 1s:

P

T-1
_ - E ( o p
Zp(gj,y) — _mmT Hilfzj mzj“H ;
where m s a path of points in X with x;;, = x and x;,. = y and || - || is the
FEuclidean norm.
Raw Data, 2 Classes Raw Data, 3 Classes Raw Data, 4 Classes

sl

2

;
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X
X)Qf&xxx X XXX
9 X KX %X

How to balance density and geometry when both matter? Tufts
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® As p changes, the spectral embedding (via graph Laplacian) changes.

® Small p emphasizes geometry (cutting along the bottleneck).

® [arge p emphasizes density (close to LLPD)

2
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Fast Algorithm for Fermat Distances

e When data lies near a low-dimensional manifold, one can
compute approximate Fermat distances very fast.

Theorem. (Little, McKenzie, M.) Let M be a compact, d-dimensional mani-
fold with positive reach. Let X = {x;}I'_; be drawn i.i.d. from M according to a
probability distribution with continuous density f satisfying 0 < fmin < f(x) <
fmax for all x € M. For p > 1 and n sufficiently large, Fermat distances
computed using (i) a complete Fuclidean distances graph and (ii) a Fuclidean
k-nearest neighbors graph are the same with probability at least 1 — 1/n if

max T
kz[ffmin][ztl-l/p—l] og(n). 2

Little, Mckenzie, Murphy

“Balancing Geometry and Density: Path Distances on High-Dimensional Data” I I ufts
SLAM Journal on Mathematics of Data Science, 2022
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Segmenting Images with Fermat Laplacian

Raw Image

Euclidean Laplacian

Fermat Laplacian T“fts
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Continuum Formulation

Definition. Let (M, g) be a compact, d-dimensional Riemannian manifold and
f a continuous density function on M that is lower bounded away from zero
(i.e. fmin = mingeas f(z) > 0 on M). For p € [1,00) and xz,y € M, the
(continuum) p-Fermat distance from x to y is:

| 1 1 / / p
£p<sc,y>—<lgf | e Vet (t)m(t))dt> , (1

where v : [0,1] — M is a C! path with v(0) = z,v(1) = y.

® One can show convergence of empirical Fermat distances to continuum
Fermat distances.

® 'This can be combined with operator convergence arguments to prove
the spectra of the (random) empirical Fermat graph Laplacian converge

to those of a continuum operatot.
Tufts
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Continuum Limit of Fermat Laplacians

Theorem. (Garcia Trillos, Little, McKenzie, M.) Let i be an absolutely continuous measure supported on
a smooth, compact Riemannnian manifold M of dimension d. Let ¥ be the (random) discrete Laplacian
etgenvector with second smallest eigenvalue associated to the Fermat graph Laplacian L, constructed with

n random samples from p. Let f be the eigenfunction of a corresponding continuum operator on L?(M, i)
1

with second smallest eigenvalue. Then with high probability, || f — ngﬂig(u) < n7sd,

¢ 'The continuum operator shows a drift 04 f ] ]
given by the density, whose impact s f I s
increases with .

-0.2 | 1 11.2

-0.1

® The rate 1s slower than with Euclidean
distances( ~z n~1/% ) due to the slow

convergence of empirical Fermat 0z | 1 e

distances to their population version. 0z | M
04 [ 0.6
%5 <04 03 ©02 01 o0 01 02 03 o4 05

Garcia Trillos, Little, Mckenzie, Murphy
“Fermat Distances: Metric Approximation, Spectral Convergence, and Clustering Algorithms”
Journal of Machine 1_earning Research, 2024 u s
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® Part I: Unsupervised Learning with Data-Driven Metrics
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® DPart II: Representation [.earning in Wasserstein Space




Beyond the Euclidean

® Manifold learning methods based on local Euclidean distances
may be insufficient to capture the geometry of certain data.

* Toy Example: black and white images with single white pixel:

® Fverything is equally far in
any graph metric.

Huclidean distance, and therefore in

® Need to capture the distance between the support of these images.



Data as Measures & 2-Wasserstein Space

® Jet Pz,aC(Rd) denote the space of absolutely continuous measures
(1.e., having density with respect to the Lebesgue measure) with finite
second moment.

® For W,V < Pz,aC(Rd) , the 2-Wasserstern metric 1s

WEn) = min [ (|T(2) - al3du(a)

where the minimization is over all maps 7" : Re —s RY that
pushforward @ onto v:

THp=v < V[B] — M[T_l(B)] for all Borel sets B .
Tufts
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Optimal Transport Maps

e Pushforwards transfer mass from one distribution to anothet.

}

\

® The T™* realizing W22 ( 1, V)

1s the optimal transport map.

0
------------------

31
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Averaging in V> : Barycenters

p
o Tet AP = {)\(Al,...,Ap)ERpZ)\Z'>O,Z)\Z’1}.

1=1

o For measures { i }_; C Paac(RY) and coordinates \ € AP,
define the 2- Wczysem‘em barycenter as

V) = argmin NWs (v, i)
vePo aC(Rd) Z

Tufts
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Barycenters Preserve Shape

0

ol

p p

1
g i [ arg min —g N W3 (v, 1)
i=1

VEP2,ac(RY) 2 1=1

UNIVERSITY



The Barycentric Coding Model

® Let Bary({ui}i—q) = {va : A € AP} be the set of all
barycenters that can be generated from {u;};_; .

e We denote by the barycentric coding model/ (BCM) the identification

of a2 measure

po € Bary({pi}i_1)

with its coordinates )\ € AP .

® Bary({u;},_,) can be thought of as the “span™ of the
reference measures, but with respect to the geometry of

Wasserstein space.

Tufts
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The Analysis Problem

° ' P
Given a measure Mo and {u;};_,
reference measures, the analysis

Droblem solves

172
arg min W3 (o, vy) -
A EAP

o If o € Bary({u)_y),
then:

in W; = 0.
min W5 (po, vx)

35




Exact Coefficients in BCM via Quadratic Program

Theorem. (Werenski et al.) Suppose {u;}:_y are sufficiently reqular. Then py € Bary({u;}i—,) if and only
of

min M7 A\ =0,
AEAP

where A € RP*P 4s given by Aij = [pa(Ti(z) —Id(z), Tj(x) — Id(x))dpo(x) for T; the optimal transport map
between o and p;. Furthermore, if the minimum value is 0 and A\, s an optimal argument, then pg = vy, .

® Requires OT maps between candidate barycenter and reference measures.

® We will estimate these with entropy-regularized optimal transport.

Werenski, Jiang, Tasissa, Aeron, Murphy

“Measure Estimation in the Barycentric Coding Model” I Ufts
ICML, 2022 36
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Estimating Transport Maps with Entropy-Regularization

® To estimate OT maps, we use entropy-regularized optimal
transport.

® We solve the regularized problem:

r. = argmin / |2 — ylPPdr(z, y) + KL(x || p @ v)
mell(p,v) JRE xR

0.4
0.3
0.2
0.1
0.0
-2 —2 o0 2 a
-4
B N N
0
2
\ \
4
0.0 c=10 e=1 e=0.1

Tufts
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Estimating Transport Maps with Entropy-Regularization

® We then use conditional expectation of T¢ as a plug-in
estimator for an OT map:

Te(z) = L(X,Y )~ Y | X =2z

® The entropy-regularized map has parametric sample
complexity; one can also develop a BCM entirely in terms of
entropy-regularized maps.

Masud, Werenski, Murphy, Aeron
"Multivariate Soft Rank Via Entropic Optimal Transport: Sample Efficiency and Generative Modeling"
Journal of Machine Learning Research, 2023

Mallery, Murphy, Aeron
“Synthesis and Analysis of Data as Probability Measures with Entropy-Regularized Optimal Transport” I Ufts
AISTATS, 2025
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Estimating BCM Coordinates from Data

Algorithm 1 Estimate A

Input: i.i.d. samples { X1, ..., Xon} ~ po, {{Y7,...,Y,'} ~ p; : it = 1,..., p}, regularization parameter ¢ > 0.
for:=1,....p do
Set M* € R™™ with M}, = H1X; = Y3
Solve for ¢* as the optimal ¢ in

3 3 entropy-regularized
s © Z fi+ 1 Z g dual formulation
foeR™ i "= (Kantorovich; Cuturi)
€ n
— 3 > exp ((f; + g1 — Mjy)/e)
7,k
> view (L) - Llie - il
) — A L y empirical entropic map
Define Ti(w) = == 1 1 N (Pooladian, Niles-Weed)
> exp (63 - e - Vi)
1=1
end for
Set A € RP*P to be the matrix with entries
1 2n
Ay == > (Ti(X) = X3, Tj(X) — Xi)
k=n-+1

Return \ = arg min AT AN.
AEAP

Tufts
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Consistency of Coefficient Estimation

Theorem. (Werenski et al.) Let,j € {1,...,p} and suppose that p;, p;, jto are supported on bounded domains
and that the maps T; and T} are sufficiently reqular. Let Xy, ..., Xon ~ po, Y1,..., Y0 ~ i, Z1,..., Ly, ~ ;.
For an appropriately chosen ¢, let T; and Tj be the entropic maps computed using {X;}i— 1, {Yii—1, {Z:}7.
Then we have

2n
1 . .
E Aij — ﬁ k:zn;_l<T@(Xk) — XkaT](Xk:) T Xk‘> ]
1 ___atl
S -+ 0 TR g

where d' = 2[d/2]|, and o < 3 depends on the regularity of optimal maps.

Corollary. (Werenski et al.) Let \ be the random estimate obtained from Algorithm 1. Suppose that A has
an eigenvalue of 0 with multiplicity 1 and that \. € AP realizes A\ A\, = 0. Then under the assumptions of

the Theorem,

~ 1 . at1
E[|| A —)\*Hg] < % +n A@+a+D) 4 /log n.

¢ (Convergence rate depends (pootly) on dimensionality and smoothness of OT maps.

¢ Regularity theory for OT maps relevant. T“fts

UNIVERSITY



Learning Reference Measures

o For a dictionary 9 = {@j}gnzl C P(Rd) and A € A" let
Bary(Z, \)

denote the barycenter generated from & with coordinates ).

® Given observed data {u;}i_,, Wasserstein dictionary learning

(WDL.) solves:

(77, A") = argm1nZW2 (Bary(Z, A;), ).
g,A

Tufts
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WDL Is IlI-Posed

e Toy Example {; }i_q live on the Wasserstein geodesic
between , v

® Then any measures i, that “extend” this geodesic can also
generate { ;b4

Tufts
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Geometric Wasserstein Dictionary Learning (GeoWDL)

n

12: (D), i)-

1=1 7=1

G(2, A {pi}iey) ==Y W3 (Bary(2,\i), i) + pRa (2, M),

1=1

\4 \4

® |.carn a dictionary that reconstructs well using nearby atoms; p > 0.

* GeoWDL: (2", A") =argminG(2, A, {u;}—).
: @7A
M(; Hm? Sg Muéi) hg nTg in Wasserstein Space” TUftS

TAG in ML Workshop at ICML, 2023



Provable Learning of Generators

e [f data lives on a Wasserstein geodesic, minimizing the geomettric
regularizer subject to perfect reconstruction learns 4, V.

Geometric regularizer prevents learning these “extensions.”

Tufts



Hyperspectral Images (HSI)

High dimensional images:

M x N x D

Spatial Spectral

The spectral bands are localized
at certain electromagnetic
frequencies, allowing for precise
differentiation of materials in
scenes

Learning Problems: clustering,
anomaly detection, active
learning, classification,
segmentation, compression. ..

Applications: land cover
change, water quality evaluation,
precision agriculture, pollution
tracking, defense and security...

Subset of Pavia dataset, sum of all bands (sum across D )

Ll

Ground Truth

Tufts
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Recorded Reflectance

Each Pixel 1s a High-Dimensional Vector

Randomly Selected Pixel Spectra, Colored by Class

0.025

0.02 -

0.015

0.01

0.005

* Large within-
class variation.

* Significant
between-class
overlap in some
dimensions.

Spectral Band Number

Tufts
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Individual Spectral Bands

Band 2
50 100 150 200 250 300

Band 20
50 100 150 200 250 300

Band 40
50 100 150 200 250 300

Band 102

50 100 150 200 250 300



Hyperspectral Unmixing

® Spatial resolution can be as high as 30m”™2 per pixel. Many
materials mixed up 1n a single pixel.

® HST unmixing: learn “pure” material spectra and decompose
each pixel into a combination of these pure spectra
(“endmembers”).

® We propose to do this by modeling HSI spectra as
probability distributions over retlectance space.

Tufts



Wasserstein Hyperpsectral Unmixing (WaHU)

0.100 0.100
0.075 0.075-
0.050- 0.0501
0.025 /L 0.025
0.000- 0.000-
—0025750 160 150 200 ~00257 50 100 150 200

® (Can we unmix this synthetic mixture of (Gaussians and
recover the original atoms?

e (Contrast using our geometrically-regularized Wasserstein
dictionary learning method with linear methods (PCA, NMF).

Fullenbaum, Mueller, Tasissa, Murphy
“Nonlinear Unmixing of Hyperspectral Images via Regularized Wasserstein Dictionary Learning” u s

IGARSS, 2024 . -
UNIVERSITY
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PCA on Synthetic Data
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NMF on Synthetic Data
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GeoWDL on Synthetic Data
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BCM Representational Capacity

® How can we choose references measures {;}52, so that

BCM({pi}721) = Pa(R?)?

e Mixtures of scale-translation families are closed under
barycentric combinations.

® So, natural choices in the linear perspective (e.g., mixtures of
Gaussians) fail in the barycentric contexts.

Tufts



The Linear Barycentric Coding Model

® A usetful alternative to the BCM is the /Znear barycentric coding
model (LLBCM).

e For measures (g and {fti}itq, let

LBCOM (po; {pi}i21) = {(22i21 AiTpo—pi) #4i0 | A € A™}

¢ BCM and LBCM coincide for compatible measures, in
particular in 1 dimension for absolutely continuous
measures.
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Universal Approximation in the LBCM

Theorem. (Werenski et al.) The set
LBCM(Unif([0,1]); {adg + (1 — a)dy | a € [0,1]})
is dense in P([0, 1]).

® This set of reference measures is not dense under linear mixing.

® Generalizing to higher dimensions is challenging and narve
extensions fail.

Werenski, Mallery, Aeron, Murphy

“Linearized Wasserstein Barycenters: Synthesis, Analysis, Representational Capacity, and Applications”
AISTATS, 2025
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Collaborators

S. Aeron (Tufts ECE) S. Fullenbaum (Tufts Math -> Fidelity) ~ R. Jiang (Tufts CS -> Linkedin) B. Mallery (Tufts Math)

S. Bin Masud (Tufts ECE -> FL Blue) M. Mueller (Tufts Math -> ERSI) A. Tasissa (Tufts Math) M. Werenski (Tufts CS -> Us Govt.)
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Papers

Fullenbaum, Mueller, Tasissa, Murphy
“Nonlinear Unmixing of Hyperspectral Images via Regularized Wasserstein Dictionary Learning”

IGARSS, 2024

Garcfa Trillos, Little, Mckenzie, Murphy
“Fermat Distances: Metric Approximation, Spectral Convergence, and Clustering Algorithms”
Journal of Machine 1 _earning Research, 2024

Little, Maggioni, Murphy
“Path-Based Spectral Clustering: Guarantees, Robustness to Outliers, and Fast Algorithms"
Journal of Machine 1.earning Research, 2020

Little, Mckenzie, Murphy
“Balancing Geometry and Density: Path Distances on High-Dimensional Data”
SLAM Journal on Mathematics of Data Science, 2022

Mallery, Murphy, Aeron
“Synthesis and Analysis of Data as Probability Measures with Entropy-Regularized Optimal Transport”
AISTATS, 2025

Masud, Werenski, Murphy, Aeron
"Multivariate Soft Rank Via Entropic Optimal Transport: Sample Efficiency and Generative Modeling"
Journal of Machine 1.earning Research, 2023

Mueller, Aeron, Murphy, Tasissa
“Geometric Sparse Coding in Wasserstein Space”

TAG in ML Workshop at ICML, 2023

Werenski, Jiang, Tasissa, Aeron, Murphy
“Measure Estimation in the Barycentric Coding Model”
ICML, 2022

Werenski, Mallery, Aeron, Murphy
“Linearized Wasserstein Barycenters: Synthesis, Analysis, Representational Capacity, and Applications”
AISTATS, 2025
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Code and Contact Information

Code: https://jmurphy.math.tufts.edu/Code/

Contact: jm.murphy(@tufts.edu

Thanks for Your Attention!
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